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Abstract

We give a survey of the expressive power of various monadic logics

on specific classes of finite labeled graphs, including words, trees, and

pictures. Among the logics we consider, there are monadic second-

order logic and its existential fragment, the modal mu-calculus, and

monadic least fixed-point logic. We focus on nesting-depth and quan-

tifier alternation as a complexity measure of these logics.

1 Introduction

There is a close relationship between (generalized) automata theory and the
expressive power of certain monadic logics. Already in 1960, Büchi and El-
got proved that a word-language is recognizable by a finite automaton if, and
only if, it can be characterized by a monadic second-order formula. Since
then, various analogous results, e.g., for labeled trees rather than words,
and also for more general classes of labeled graphs, have been obtained.
Alluding to the notion of “descriptive complexity theory”, in his survey ar-
ticle [37] for the Handbook of Formal Languages, Wolfgang Thomas called
the branch of research that investigates the relationship between generalized
finite automata and monadic logics a “descriptive theory of recognizability”.

The present paper’s aim is to give a survey of the expressive power of
various monadic logics (including monadic second-order logic and its ex-
istential fragment, the modal mu-calculus, and monadic least fixed-point
logic), on specific classes of finite labeled graphs. In particular, we give
details on the following topics:

It is known that on finite words and labeled trees, all the above men-
tioned monadic logics have the same expressive power and can characterize
exactly the languages that are recognizable by a suitable notion of finite
automata. Moreover, already one single existential set quantifier suffices
to obtain the expressive power of existential monadic second-order logic on
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words, trees, and pictures (i.e., two-dimensional words or, equivalently, la-
beled grid-graphs). This goes back to a paper by Wolfgang Thomas [36], in
which he showed that a single existential set quantifier suffices for words.
From the proof, one can also infer an elegant proof which shows that finite
automata can be simulated by monadic least fixed-point logic. Wolfgang
Thomas’ Ph.D. students Potthoff [30] and Matz [23] obtained according re-
sults for trees and pictures, respectively. On the other hand, when going
slightly beyond the class of pictures, it is known from work by Otto [29] that
within existential monadic second-order logic, more set quantifiers lead to
strictly more expressive power.

While on words and labeled trees, existential monadic second-order logic
has the same expressive power as full monadic second-order logic, the sit-
uation is different for the class of pictures. From work by Giammarresi,
Restivo, Seibert, and Thomas [15] it is known that existential monadic
second-order logic can define exactly the recognizable picture languages,
which are characterized by a suitably adapted automaton model, the tiling-
systems. But full monadic second-order logic on pictures has considerably
more expressive power and, in fact, precisely corresponds to the linear time
hierarchy (i.e., the linear time analogue of Stockmeyer’s polynomial time
hierarchy). Similarly, building on results by Schweikardt [34], one obtains
that the picture languages definable in monadic least fixed point logic can
encode at least all problems that belong to Grandjean’s deterministic linear
time complexity class DLIN [16]. Furthermore, unless P = NP, the expres-
siveness of monadic least fixed point logic on pictures is strictly weaker than
that of monadic second-order logic.

Also some aspects concerning the fine structure of monadic second-order
logic over pictures and graphs are understood quite well by now: Matz,
Schweikardt, and Thomas [26, 33, 25] showed that the monadic second-
order quantifier alternation hierarchy is strict, i.e., that formulas in prenex
normal form having a prefix of k+1 alternations of set quantifiers can de-
scribe strictly more picture languages (or, in general, graph properties) than
formulas with only k quantifier alternations. Note, however, that this re-
sult does not have implications concerning the strictness of the linear time
hierarchy (or the polynomial time hierarchy) as the levels of the monadic
second-order quantifier alternation hierarchy do not correspond to the levels
of the linear time hierarchy.

When considering the modal mu-calculus instead of monadic second-
order logic on finite labeled graphs, an according hierarchy based on the
alternation of least and greatest fixed point operators was proved indepen-
dently by Bradfield [3] and Lenzi [20], see also Arnold [2] for an elegant
proof. (The hierarchies proved in [3, 20, 2] are about general structures
that are not necessarily finite; via the mu-calculus’ finite model property
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(cf., e.g., [4]), however, they can be directly transferred to the class of finite
labeled graphs.)

Up to date, it still is an open question whether an analogous hierarchy
can be proved for monadic least fixed point logic.

The rest of this paper is structured as follows: In Section 2 we fix the nec-
essary notation concerning the logics and the structures that are considered
in this paper. Section 3 concentrates on the relations between (finite-state)
recognizability of word languages, tree languages, and picture languages
and their definability in various monadic logics. In Section 4, we go be-
yond recognizability and study nesting-depth and quantifier alternation as
a complexity measure of logics.

2 Logics and Structures Considered in this Paper

This section fixes some basic notations and conventions used throughout
the remainder of the paper.

2.1 Structures

All structures considered in this paper are finite and can be viewed as par-
ticular kinds of labeled graphs. Namely, we consider labeled trees, words,
and pictures (i.e., two-dimensional words).

Let us fix a finite alphabet Σ, whose elements serve as letters at positions
in a word or a picture or as labels for nodes in a graph or a tree. For this
exposition it is convenient (and no essential loss of generality) to assume
that Σ is of the form {0, 1}t for some t > 0 (for t = 0, the alphabet Σ is a
singleton).

A word (over Σ) is a finite sequence of elements in Σ. A word language
is a set of words. In order to use logic formulas to define word languages
we consider the signature {Succ, B1, . . , Bt}, where Succ is a binary relation
symbol and B1, . . , Bt are unary relation symbols. We identify a word w =
w1 · · ·wn over Σ with the structure of signature {Succ, B1, . . , Bt} whose
universe is the set [n] := {1, . . , n} of positions in the word, and where
Succ is interpreted by the natural successor relation on [n] and, for every
i ∈ {1, . . , t}, the relation symbol Bi is interpreted by the set of all positions
at which the word carries a letter (σ1, . . , σt) ∈ Σ = {0, 1}t with σi = 1.

Pictures are two-dimensional analogues of words, i.e., a picture (over Σ)
is a two-dimensional (rectangular) array over Σ. A picture language is a
set of pictures. Like for words, it is straightforward to associate, with every
picture, a model over a specific signature, this time with two binary rela-
tions Succh and Succv for the horizontal and the vertical successor relation,
respectively.

For convenience, all trees considered in this paper will be ordered and
binary, i.e., every node is either a leaf or has two children. Each node
of a labeled tree (over Σ) is labeled by an element in Σ. A tree language
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is a set of labeled trees. Similarly as words and pictures, also trees can
be identified in a straightforward way by structures over the signature
{Succ1,Succ2, B1, . . , Bt}, where the binary relations Succ1 and Succ2 are
used for the edges from a node to its first child and to its second child,
respectively.

2.2 Logics

We assume that the reader is familiar with first-order logic (FO), monadic
second-order logic (MSO), least fixed-point logic (LFP), and the modal
mu-calculus. We write MLFP for monadic least fixed-point logic, i.e., the
fragment of LFP where only monadic second-order variables are allowed. It
is straightforward to see that monadic least fixed-points can be defined in
MSO, and thus the expressive power of MLFP lies between the expressive
power of FO and the expressive power of MSO. Some focus of the present
paper will also be on existential monadic second-order logic (EMSO), which
consists of all MSO-formulas of the form

∃X1 · · · ∃Xℓ ϕ,

where ϕ is first-order, ℓ > 0, and X1, . . , Xℓ are set variables (i.e., monadic
second-order variables). Further, we will write 1-EMSO for the fragment of
EMSO where just a single set variable is available.

If ϕ is a sentence (over a suitable signature and a certain logic), the
(word, picture, or tree) language defined by ϕ is the set of all words (or
pictures or trees) whose associated word (or picture or tree) models make
ϕ true.

3 Monadic Logics and Recognizability

This section concentrates on the relations between recognizability of word
languages, tree languages, and picture languages and their definability in
various monadic logics. Here, “recognizability” refers to non-deterministic
finite automata or suitable adaptations thereof.

We will first quickly review the well-known results on words and trees
which, basically, state that all the monadic logics mentioned in Section 2
have the same expressive power, namely of defining exactly the regular word
languages and tree languages.

Afterwards, we will move over to the case of pictures, where things turn
out to be much more subtle, since the various monadic logics differ with
respect to their power of defining picture languages.

3.1 Monadic Logics and Recognizability of Words and Trees

The class of regular (or, recognizable) word languages plays a central role in
the theory of formal languages. One reason for this is the large variety of its
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conceptually different characterizations, for example by means of monoids,
grammars, automata, closure properties, and logics. Concerning the subject
of this paper, let us focus on the following two: non-deterministic finite
automata (NFA) and monadic second-order logic.

Theorem 3.1 (Büchi [5], Elgot [11]). A word language is regular if, and
only if, it can be defined by an MSO-sentence.

Since we will come back to this later (in the context of pictures instead of
words), let us briefly point out the essential steps in the well-known proof
of the above theorem.

Proof (sketch). One direction is simple to prove: Given a non-deterministic
finite automaton A, we have to construct a monadic second-order sentence
that asserts for a given word (model) that there exists an accepting run.
The existence of such a run can be expressed by a formula of the form

∃X1 · · · ∃Xℓ ϕ(X1, . . , Xℓ),

where an assignment to the set variables encodes an assignment of A’s states
to positions in the word, and ϕ asserts that for any two consecutive posi-
tions, this assignment is compatible with the automaton’s transition rela-
tion, the initial state and the final states. We observe that the resulting
formula is in the existential fragment EMSO of monadic second-order logic.

The other direction is more intricate. Typically, it is done as follows:
Given an MSO-sentence ϕ, we may pass to a similar sentence ϕ′ in prenex
normal form, where all first-order quantifiers are eliminated and special,
new predicates singleton(X) are used instead, which assert for a set X that
it has just one element. An NFA can be constructed by induction on the
construction of such formulas. In this induction, one exploits that the class
of regular word languages is closed under union, complementation, and pro-
jection, to handle disjunction, negation, and existential MSO quantification,
respectively. q.e.d.

The above proof, in particular, leads to:

Corollary 3.2. Over the class of words, every MSO-sentence is equivalent
to an EMSO-sentence.

Even more, it is known that already a single existentially quantified set
variable suffices:

Theorem 3.3 (Thomas [36]). Over the class of words, every MSO-sentence
is equivalent to a 1-EMSO-sentence.
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Proof (sketch). The proof relies on the following simple and elegant idea:
Given a deterministic finite automaton A with r states and, w.l.o.g., state
space {1, . . . , r}, each state i can be represented by the bit-string 01i0r−i

of length r′ := r + 1. If w is an input word, we can subdivide w into sub-
words such that each of these sub-words has length r′, except for the last
one, whose length is between r′ and 2r′ − 1. Each of these sub-words can
be decorated by the bit-string that represents A’s state when entering the
first position of the sub-word. Such bit-strings, in turn, can of course be
represented by an assignment to a single set variable, e.g., by assuming that
the set consists of exactly those positions where the bit-string carries the
letter 1.

Now, it is easy to construct a 1-EMSO-sentence of the form ∃X ϕ(X),
where ϕ is first-order and expresses that the bit-string represented by X

encodes the list of states assumed by A at the beginnings of the sub-words.
For constructing ϕ, note that (1) each sub-word has constant length < 2r′,
(2) the leftmost positions of the sub-words can be identified from the fact
that they do not belong to X but their successors do, and (3) the steps that
A performs while reading the sub-word can be simulated by a first-order
formula. This way, ϕ can check that the list of states represented by X

is consistent with A’s transition relation and represents an accepting run
of A. q.e.d.

A closer look at this proof sketch shows that a similar set X can also be
defined as a monadic least fixed-point of a suitable first-order formula: This
time, sub-words of length r′ := 1 + 2r are considered, and each state i ∈
{1, . . , r} is represented by the bit-string 10i−1102r−i. Note that r′ is chosen
in such a way that the distance between two consecutive positions carrying
the letter 1 tells us, which of the two positions marks the beginning of a
sub-block and which of the two positions marks a state of the automaton.
Using this, one obtains that every regular word language can be described
by an MLFP-sentence which uses just a single monadic least fixed point
operator (see Potthoff [30] for details). In a similar way, one can also prove
that the modal mu-calculus can describe exactly the regular word languages.
In summary, we thus have the following situation:

Theorem 3.4. On the class of words, MSO, EMSO, 1-EMSO, MLFP, and
the modal mu-calculus have the same expressive power and can describe
exactly the regular word languages.

The same result holds true for the class of labeled trees (cf. [35, 9, 30, 18]).

If we leave the classes of words and labeled trees and pass over to pic-
tures, this is not the case any more. We will give details on this in the next
subsection.
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3.2 EMSO-Definability and Recognizability of Pictures

In [14], Giammarresi and Restivo suggested a natural adaptation of NFA to
picture languages: the so-called tiling-systems.

Definition 3.5. A tiling-system is a quadruple (Σ,Γ,∆, π), where Σ and
Γ are finite alphabets, π : Γ → Σ is an alphabet projection, and ∆ is a set of
2×2-pictures over alphabet Γ ∪ {#}, where # is a fresh boundary symbol.
The mapping π is lifted to pictures in the obvious way.

A picture p over Σ is accepted by such a tiling-system iff there is a picture
r over Γ such that π(r) = p and ∆ contains all 2×2-sub-blocks of the picture
that results by surrounding r with the boundary symbol #. The picture
language recognized by some tiling-system T is the set of pictures accepted
by T .

Example 3.6. Consider the tiling-system T = ({a}, {0, 1},∆, π), where
π(0) = π(1) = a, and where ∆ is the set of 2 × 2-subblocks of

###### ####
# 0 1 0 1 0 1 0 1 #
# 0 0 1 1 0 0 1 1 #
# 0 0 0 0 1 1 1 1 #
###### ####

Then T recognizes the set of all pictures p over {a} for which there exists
m > 1 such that p has size m× 2m. Intuitively, T establishes a mechanism
of binary counting the columns.

More examples of recognizable picture languages can be found in Gi-
ammarresi and Restivo’s article in the present book.

Unlike the regular word languages, which are pretty simple to under-
stand, the recognizable picture languages can be very complex, both from an
intuitive and from a computational point of view. For example, in [31, 32],
Reinhard has found examples of picture languages whose proofs of recog-
nizability are very difficult and which disproved previous conjectures by
Matz, e.g. [22]. Still, examples near the borderline between recognizable
and non-recognizable picture languages are subject of current research, see
[6].

It is known that the class of recognizable picture languages is closed
under union, intersection, row- and column-concatenation, and row- and
column-Kleene-star [14], but we have:

Theorem 3.7 (Giammarresi, Restivo, Seibert, Thomas [15]). If the alpha-
bet has at least two symbols, the class of recognizable picture languages is
not closed under complement.

A witness for the above theorem is given by:
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Example 3.8 ([15]). Let L be the set of pictures over {0, 1} that result
from the concatenation of two identical pictures of quadratic shape. Then
L is not recognizable, but its complement is.

The statement of Theorem 3.7 is true also for singleton alphabets, see
Theorem 4.12 below.

MSO logic, of course, is closed under negation, so Theorem 3.7 immedi-
ately implies that the statement of Theorem 3.1 is not true when replacing
the terms “word language” and “regular” with “picture language” and “rec-
ognizable”. However, it is known that the existential fragment of monadic
second-order logic, EMSO, has exactly the right power for expressing rec-
ognizable picture languages:

Theorem 3.9 (Giammarresi, Restivo, Seibert, Thomas [15]). A picture
language is recognizable if, and only if, it can be defined by an EMSO-
sentence.

The “easy” direction in the proof is to show that recognizability by a
tiling-system can be described by an EMSO-formula. This case can be
handled in a similar way as in the proof of Theorem 3.1.

The other direction, however, cannot be handled in a similar way as in
that proof because the initial replacement of first-order quantifiers by set
quantifiers would force us to deal with the negation during the induction, but
the class of recognizable picture languages is not closed under complement.
Thus, one essential step in the proof given in [15] is a specific treatment of
the first-order quantifiers with Ehrenfeucht-Fräıssé games. This yields, as
a side-product, also the characterization of the first-order definable picture
languages as the locally threshold testable ones, analogously to the one-
dimensional case.

The characterization of the EMSO-definable picture languages given in
Theorem 3.9 opened the door to several combinatorial arguments that al-
low to show that certain picture languages are not EMSO-definable, see for
example [13, 22]. This was the basis for the original proof of the strict-
ness of the monadic second-order quantifier alternation hierarchy [26], see
Section 4.3 below.

Similarly as for words it is known that for defining recognizable picture
languages, already a single existentially quantified set variable suffices:

Theorem 3.10 (Matz [23]). Over the class of pictures, every EMSO-sen-
tence is equivalent to a 1-EMSO-sentence.

The proof is by an adaptation of the proof of Theorem 3.3 to the two-
dimensional case: A tiling-system plays the role of the finite automaton A,
with the minor technical inconvenience that tiling-systems are inherently
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non-deterministic. However, the determinism of the automaton A in the
proof of Theorem 3.3 is not essential.

Let us mention that by results of Otto [29] it is known that when going
slightly beyond the class of pictures, EMSO does not collapse to 1-EMSO
but, quite to the contrary, there is a strict hierarchy within EMSO with
respect to the number of existentially quantified set variables. To precisely
state Otto’s result, let us write k-EMSO for the fragment of EMSO where
k set variables are available. Instead of pictures, Otto considers particular
structures over a signature which consists of two binary relation symbols R
and C. These Otto-grids are structures whose universe forms a rectangular
array and where R and C are interpreted by the relations stating that two
vertices belong to the same row, respectively, the same column of the array.

Theorem 3.11 (Otto [29]). For every k > 0 there is a (k+1)-EMSO-
sentence that is not equivalent (over the class of Otto-grids) to any k-EMSO-
sentence.

The proof is by showing that the set Lk of all Otto-grids with the prop-
erty that the number of columns is 6 2(k+1)·number of rows is definable in
(k+1)-EMSO but not in k-EMSO (for the latter, an Ehrenfeucht-Fräıssé
game argument is used).

To close the subsection on recognizable picture languages, let us have a
quick look at the computational complexity of standard decision problems
concerning recognizable picture languages.

Proposition 3.12 (Giammarresi, Restivo [14]). The emptiness problem
for tiling-systems is undecidable.

Proof (sketch). We sketch a reduction of the emptiness problem for Turing
machines. Let A be a Turing machine. It is straightforward to encode a
configuration of A by a finite word over a fixed alphabet Σ. Each step in a
computation of A corresponds to a local modification of that code. Every
finite—and hence every accepting—run R of A can be encoded by a picture
p over Σ, where p contains, in each row i, the code of the i-th configuration
of R (possibly padded with blank symbols).

Now it is easy to effectively construct a tiling-system T that accepts all
pictures that encode an accepting run. Then the language recognized by T
is non-empty iff A has an accepting run. q.e.d.

Furthermore, the membership problem for tiling-systems is NP-complete:

Proposition 3.13 (Schweikardt [33]). (a) The following problem belongs
to NP: Given a tiling-system T and a picture p, does T accept p?



10 O. Matz, N. Schweikardt

(b) There exists a tiling-system T such that the following problem is NP-
complete: Given a picture p, does T accept p?

Proof (sketch). The proof of (a) is straightforward. (b) is obtained by cod-
ing the (NP-complete) problem of satisfiability of propositional formulas
in conjunctive normal form into an EMSO-definable picture language. To
this end, each propositional formula α is represented by a picture which
has a row for each variable and a column for each clause of α, such that
the entry in row i and column j of the picture is labeled by the letter P
(resp. N , resp. ⊖) if the i-th propositional variable occurs unnegated (resp.
negated, resp. not at all) in the j-th clause of α. A truth assignment to the
variables of α is represented by a set X of positions in the picture which,
for each row, contains either none or all positions of that row. I.e., if the
i-th propositional variable is assigned the value true (resp., false), then X

contains all (resp. none) of the positions in the i-th row. It is not difficult
to find an EMSO-formula ψ which expresses that there exists such a set
X which encodes a satisfying assignment for α. Altogether, this gives us
a reduction from the NP-complete satisfiability problem to the problem of
deciding whether an input picture belongs to the picture language defined
by ψ. q.e.d.

It is current research interest to determine computationally feasible sub-
classes of recognizable picture languages, see e.g. the article of Giammarresi
and Restivo in the present book.

3.3 Picture Languages Definable in MSO and MLFP

From the previous subsection we know that the EMSO-definable picture
languages coincide with the 1-EMSO-definable and the recognizable picture
languages. Furthermore, recall that Example 3.8 exposes a picture language
that is not definable in EMSO. It is not difficult to see that this language
is definable in MSO as well as in MLFP. The present subsection aims
at a deeper understanding of the MSO-definable and the MLFP-definable
picture languages.

Let us first concentrate on the MSO-definable picture languages. It is
easy to see that the membership problem for each MSO-definable picture
language belongs to LINH, i.e., the linear time hierarchy (cf., e.g. [10]),
which is the linear time analogue to Stockmeyer’s polynomial time hierarchy.
On the other hand, it is not difficult to see that, in fact, the MSO-definable
picture languages precisely correspond to the linear time hierarchy, since
every decision problem that belongs to LINH can be encoded by an MSO-
definable picture language. This can be obtained as follows: From [27] we
know that LINH is the class of all word languages that can be defined in
MSO(Bit), i.e., in monadic second-order logic on words where in addition
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to the successor relation, also the Bit predicate on the set of positions in the
word is available (the Bit predicate is the set of all tuples (i, j) such that
the i-th bit in the binary representation of the natural number j is 1). The
basic idea now is to represent a word of length n by a picture as follows:
Let ℓ be the largest integer such that n > ℓ · 2ℓ, cut the word into sub-
words of length 2ℓ, and arrange the consecutive sub-words into consecutive
rows of the resulting picture (if necessary, pad the last row with dummy
entries to obtain a rectangular picture). Of course, the successor relation
Succ of the original word can easily be simulated by an MSO-formula over
the corresponding picture. Furthermore, it is a not too difficult exercise
to also construct an MSO-formula over the picture which simulates the
Bit predicate of the original word (hint: use an existentially quantified
unary relation to encode a “column-numbering” which writes the binary
representations of the numbers 0, 1, 2, . . .2ℓ−1 into the consecutive columns
of the picture). It then is not difficult to see that every MSO(Bit)-definable
set of strings is represented by an MSO-definable set of pictures. In this
sense, the MSO-definable picture languages can encode all problems that
belong to the linear time hierarchy.

Let us now concentrate on the MLFP-definable picture languages. Of
course, for each picture language defined by a fixed MLFP-sentence, the
membership problem belongs to P. Together with Proposition 3.13 and the
fact that the expressive power of MLFP lies between FO and MSO, this
implies the following:

Fact 3.14. Unless P = NP, MLFP is strictly less expressive on the class of
pictures than MSO.

On the other hand, MLFP is still quite expressive as it can define picture
languages corresponding to every problem in the deterministic linear time
complexity class DLIN introduced by Grandjean in [16]. The class DLIN is
based on linear time random access machines. In a series of papers, Grand-
jean made a convincing point that DLIN might be viewed as “the” adequate
mathematical formalization of linear time complexity. For example, DLIN
contains all problems in DTIME(n), i.e., all problems solvable by deter-
ministic linear time multi-tape Turing machines; but DLIN also contains
problems such as the sorting problem, which are conjectured not to belong
to DTIME(n).

In a similar way as described above for MSO and LINH, one obtains
that every problem in DLIN can be encoded by an MLFP-definable picture
language—instead of using the characterization of LINH as the MSO(Bit)-
definable word languages, one now just has to use a result from [34] stating
that every word language which belongs to DLIN can be defined by an
MLFP(Bit)-sentence.
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4 Alternation Hierarchies

In descriptive complexity theory it is a general task to classify properties by
the complexity a formula must have to describe this property. But what is
the suitable measure for the complexity of a formula? A typical approach
is to measure the complexity by the nesting depth of the “most powerful
ingredient” of the logic under consideration.

For example, a measurement for the complexity of a first-order formula
is the nesting depth of first-order quantifiers, neglecting the complexity
introduced by boolean combinations. Another example is the modal mu-
calculus, where it is the nesting depth of fixpoint iterations that is the
natural means to measure the complexity of a formula. MSO is a third
example, where the nesting depth of the most powerful quantifications (in
this case, the monadic ones) establishes a measure of formula complexity.

In Section 3 we have already considered the nesting depth of set quanti-
fiers as a complexity measure of MSO-formulas and have seen (Theorem 3.3)
that the corresponding hierarchy collapses for the classes of words and of
trees whereas it is infinite for Otto-grids (Theorem 3.11).

However, for many logics and classes of structures, the complexity mea-
surement obtained by simply counting syntactic nesting of single quantifiers
is (1) not sufficiently robust, and (2) does not result in the natural param-
eters for the computational complexity, e.g. of the model checking or the
satisfiability problem of formulas.

To illustrate the first reason, consider two 1-EMSO-sentences on the class
of finite structures. Their conjunction is in 2-EMSO but, unlike their dis-
junction, in general not in 1-EMSO, so that the class of 1-EMSO-definable
properties is not necessarily closed under intersection.

To illustrate the second reason, let us consider MSO over words. A
good approach for solving the model checking problem relies on the well-
known construction of an NFA for a given MSO-formula (see Theorem 3.1
and its proof sketch). The constructions for conjunction, disjunction, and
existential quantification can be done directly on NFA and result in no
essential increase of the number of states. However, the construction for the
negation of a formula requires a deterministic automaton and therefore the
famous powerset construction, which results in an exponential state blow-
up. Thus it is the alternation of existential quantifications and negation (or,
equivalently: the alternation of existential and universal quantifications)
that is significant for the increase of the state set size and therefore for the
computational complexity of the model checking problem.

4.1 First-Order Alternation

As motivated above, one passes to a coarser view of “nesting” by consider-
ing a block of only existential (or only universal) quantifiers as one single,
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“vectorial” quantifier. This vectorial approach is the basis for the first-order
quantifier alternation hierarchy. For example, a property of finite labeled
graphs is in the third level of that hierarchy iff it can be defined by a first-
order formula that has a prenex normal form with a quantifier prefix of
type

∃
∗
∀
∗
∃
∗,

i.e., a quantifier prefix with three blocks of first-order quantifications, start-
ing with an existential one, and the following kernel formula is quantifier-
free. Level k of the first-order quantifier alternation hierarchy is usually
denoted Σ0

k
, its “complement” Π0

k
(i.e., Π0

k
is the set of all graph properties

that can be defined by a first-order formula in prenex normal form that has
a quantifier prefix with k blocks of first-order quantifications, starting with
a universal one).

Theorem 4.1 (Chandra, Harel [7]; Thomas [36]). The first-order quantifier
alternation hierarchy is strict over the class of finite labeled graphs, i.e., for
every k > 0, Σ0

k
 Σ0

k+1. Furthermore, for every k > 1, Σ0
k
6= Π0

k
.

Chandra and Harel’s proof in [7] explicitly provides, for each k > 0, a
property of finite labeled directed graphs that belongs to Σ0

k+1 but not to
Σ0

k
. They consider graphs that are equipped with a distinguished “start

node” and a subset of nodes called “winning positions”. With each such
graph, they associate a 2-player game in which a token is moved along the
edges of the graph. At the beginning, the token is placed on the “start
node”. The players take turns, starting with player 1, and in each move
one of the players moves the token along an edge of the graph. After k+1
such moves, player 1 has won the game, if the token lies on a “winning
position”. It is now easy to find a Σ0

k+1-sentence which expresses that
player 1 has a winning strategy for k+1 moves; and by an Ehrenfeucht-
Fräıssé game argument it can be shown that this cannot be expressed by
any Σ0

k
-sentence.

A different proof of the strictness of the first-order quantifier alterna-
tion hierarchy is given in [36], where Wolfgang Thomas considers first-order
formulas over word models with a different signature than in the present
paper, namely with the ordering < instead of the successor relation on the
word positions. He shows that the first-order quantifier alternation hierar-
chy over that signature corresponds to the dot-depth alternation hierarchy,
which is shown to be strict in [8].

However, for words, trees, and pictures (over the signatures introduced
in Section 2.1, i.e., without ordering but with successor relation(s)), the
first-order quantifier alternation hierarchy collapses to boolean combinations
of its first level. This is a consequence of the characterization of first-
order definable properties of words, trees, and pictures by local threshold
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testability, cf., e.g., the survey [37] and the article [15].

4.2 Fixpoint Alternation in the mu-Calculus

Niwiński [28] introduced vectorial fixpoints to result in a sufficiently coarse
and robust definition for the modal mu-calculus fixpoint alternation hierar-
chy which relies on the number of alternations of least and greatest fixed
point quantifiers—see [3] for a detailed discussion of that subject.

Theorem 4.2 (Bradfield [3]). The modal mu-calculus alternation hierarchy
is strict over the class of finite labeled graphs, i.e., for every k > 0, there
is a property of finite labeled graphs that is definable in level k+1 of the
Niwiński alternation hierarchy of the modal mu-calculus, but not in level k.

In [20], Lenzi proved a corresponding but slightly weaker result referring
to a different variant of fixpoint alternation, the Emerson-Lei hierarchy. An
elegant proof of Bradfield’s and Lenzi’s hierarchy was given by Arnold in [2].
Let us mention that the hierarchies proved in [3, 20, 2] are about general
structures that are not necessarily finite; via the mu-calculus’ finite model
property (cf., e.g., [4]), however, they can be directly transferred to the class
of finite labeled graphs.

On the other hand, when considering the class of finite words (instead of
the class of finite labeled graphs), the modal mu-calculus alternation hier-
archy is known to collapse (this can be proved in a similar way as discussed
in the paragraph before Theorem 3.4). More details on the collapse of the
modal mu-calculus hierarchy on particular classes of structures can be found
in [21, 38, 19].

It is a challenging future task to settle the following question:

Question 4.3. Does a similar result as Theorem 4.2 hold for monadic least
fixed point logic MLFP instead of the modal mu-calculus? I.e., is there a
strict hierarchy within MLFP that is based on the number of alternations
of least and greatest fixed point quantifiers?

4.3 Monadic Second-Order Logic

Let us now consider monadic second-order logic MSO. In that logic, the
most powerful ingredient is the set quantification. The quantifier structure
of an MSO-formula in prenex normal form can be represented by a word over
the four-element alphabet {∃,∀, ∃, ∀}, where ∃,∀ represent set quantifiers,
and ∃, ∀ represent first-order quantifiers. In the following, we use regular
expressions over that alphabet to describe quantifier prefixes of formulas in
prenex normal form.

Every MSO-formula is equivalent (over the class of all structures) to an
MSO-formula whose quantifier prefix is of type

{∃,∀}∗{∃, ∀}∗.
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A transformation of a given MSO-formula ψ into the above form can be
done in three steps: Firstly, replace every sub-formula of the form ∃xϕ(x)
with an equivalent formula of the form ∃X (singleton(X) ∧ ϕ′(X)), where
singleton(X) is an auxiliary first-order formula asserting that X is a sin-
gleton, and where ϕ′ results from ϕ by replacing every atomic formula
α(x1, . . , xn) with a suitable auxiliary first-order formula α′(X1, . . , Xn).
Note that the resulting formula ψ′ contains first-order quantifiers only within
the new auxiliary formulas singleton(X) and α′(X1, . . , Xn). Secondly, trans-
form ψ′ into prenex normal form, treating the auxiliary formulas like atoms.
Now, viewing the auxiliary formulas again as first-order formulas, the re-
sulting MSO-formula ψ′′ obviously consists of a quantifier prefix of set
quantifiers that is followed by a first-order formula. By transforming the
first-order part of this formula into prenex normal form, one then obtains
an MSO-formula in prenex normal form whose quantifier prefix is of type
{∃,∀}∗{∃, ∀}∗.

4.3.1 The MSO Quantifier Alternation Hierarchy

The definition of the monadic second-order quantifier alternation hierarchy
(or “MSO alternation hierarchy” for short) is based on the above represen-
tation. For each k > 0, level k of this hierarchy consists of those properties
(of, say, finite labeled graphs) that can be defined by an MSO-formula in
prenex normal form where the set quantifiers are grouped into k blocks,
existential and universal in alternation, starting with an existential one.
While most parts of Section 3 are devoted to EMSO, the first level of this
hierarchy, we consider the higher levels now. For example, a property is
in level three of that hierarchy iff it can be defined by a formula in prenex
normal form of type

∃
∗
∀

∗
∃

∗
{∃, ∀}∗.

i.e., one that starts with three blocks of set quantifiers, the first one being
existential, and continues with a first-order kernel formula.

Let us denote level k of the MSO quantifier alternation hierarchy by
mon-Σ1

k
, its “complement” by mon-Π1

k
(i.e., mon-Π1

k
consists of all graph

properties whose complement belongs to mon-Σ1
k
), and their intersection

by mon-∆1
k
. Furthermore, we write BC(mon-Σ1

k
) to denote the class of all

properties that can be defined by a boolean combination of sentences suit-
able for mon-Σ1

k
. (Thus BC(mon-Σ1

k
) is the smallest superclass of mon-Σ1

k

that is closed under union and complement.)
By slightly abusing notation, we will sometimes also speak of mon-Σ1

k

formulas to address the particular kind of formulas suitable for defining
properties that belong to mon-Σ1

k
.

Fagin has shown that connectivity of finite graphs is (analogously to Ex-
ample 3.8) definable by a sentence in prenex normal form of type ∀

∗
{∃, ∀}∗,

but not by one of type ∃
∗
{∃, ∀}∗. This leads to the following result:
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Theorem 4.4 (Fagin [12]). mon-Σ1
1 6= mon-Π1

1 and thus, in particular,
mon-Σ1

1  mon-Σ1
2.

Fagin raised the question whether the MSO quantifier alternation hi-
erarchy collapses on some higher level. The question has been answered
negatively in [26]. Refining that proof, [33, 25] shows that a witness for the
separation of level k+1 from level k is the set of all pictures of size m×f(m)
for a specific (k+1)-fold exponential function: this picture language is defin-
able by a sentence with k+1 alternations of set quantifiers, but not by one
with just k alternations of set quantifiers. The same witness even separates
mon-∆1

k+1 from BC(mon-Σ1
k
). Using standard techniques, the results can

be transported to the class of graphs. We thus obtain

Theorem 4.5 (Matz, Schweikardt, Thomas [25]). For every k > 0,
mon-Σ1

k
 mon-Σ1

k+1. Moreover, there even exists a picture language over
a singleton alphabet that belongs to mon-∆1

k+1 but not to BC(mon-Σ1
k
).

However, the proof of this theorem has also exhibited the following:
it is not the alternation of set quantifiers that gives the expressive power
needed to leave a fixed level of that hierarchy—it is the nesting of first-order
quantifiers, followed by one single block of set quantifiers. For example,
there is an MSO-sentence with quantifier prefix of type

∀
∗
∃
∗∀

∗
{∃, ∀}∗,

that is not equivalent to any sentence with quantifier prefix of type

∃
∗
∀

∗
∃

∗
{∃, ∀}∗

(and likewise for values larger than three).
How is this possible? The definition of the MSO quantifier alternation

hierarchy allows to neglect first-order quantifications inside the kernel for-
mula, but it does not allow to neglect first-order quantifications completely.
This is so because first-order quantifications do not factor through monadic
second-order quantifications, unlike for the full second-order logic, in which
quantification is available over relations of arbitrary arity. We will take a
closer look at this phenomenon in the following paragraph.

4.3.2 The Closed MSO Hierarchy

As motivated above, the value of the strictness of the MSO quantifier al-
ternation hierarchy would be much higher if first-order quantification was,
by definition, neglectable. This point was made by Ajtai, Fagin, and Stock-
meyer in [1]. In that paper, the authors suggest the closed MSO alternation
hierarchy, which is coarser and more robust than the ordinary MSO alter-
nation hierarchy because it allows to intersperse first-order quantifiers “for
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free” between set quantifiers. For example, a property is in level three of
that hierarchy iff can be defined by an MSO-formula which has a prenex
normal form of type

{

∃, ∃, ∀
}∗ {

∀, ∃, ∀
}∗ {

∃, ∃, ∀
}∗

{∃, ∀}
∗
.

As noted in [1], the strictness of the closed MSO alternation hierar-
chy would be implied by the conjectured strictness of the polynomial time
hierarchy, because each level of the latter is closed under first-order quantifi-
cation and each level of the MSO alternation hierarchy contains a complete
problem for the polynomial time hierarchy. The following is a challenging
future task:

Task 4.6. Show, without relying on complexity theoretic assumptions, that
the closed MSO alternation hierarchy is strict.

4.3.3 The First-Order Closure

As pointed out above, it is desirable to understand more about the role of
first-order quantifications in the context of monadic second-order quantifier
alternation. Let us mention two approaches that have been made to achieve
progress in this area. Both deal with the first-order closure of some subclass
L of MSO, meaning the smallest superset of L that is closed under first-order
quantification and boolean combinations.

In [17], the authors develop a technique to infer new separation results
dealing with the first-order closure. Specifically, they show the following:

Theorem 4.7 (Janin, Marcinkowski [17]). Let V,W ⊆
{

∃,∀, ∃, ∀
}∗

. Let
S be a graph property definable by a prenex normal form of type V but
not by one of type W , then there is another property definable by a prenex
normal form of type ∃ ∀∀V but not by one of type {∃, ∀}∗W .

This technique works for the class of graphs, but it does not work for
the classes of words, trees, or pictures. The authors of [17] apply it to show
the following corollary (previously shown directly in [1]).

Corollary 4.8. There exists a graph property definable by a prenex normal
form of type ∃

∗
{∃, ∀}∗∃

∗
{∃, ∀}∗ but not with one of type {∃, ∀}∗∃

∗
{∃, ∀}∗.

Apart from this, not many separation results are known by now. In fact,
to our best knowledge, even the following remains open:

Question 4.9. Is every MSO-formula equivalent to one of the form

∃
∗
{∃, ∀}∗∃

∗
{∃, ∀}∗ ?
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For the class of pictures, [24] contains another preliminary step towards
understanding the expressive power of the first-order closure of logics. In
that paper, the MSO alternation hierarchy with first-order closure is con-
sidered. A property belongs to level k of that hierarchy iff it is definable in
the first-order closure of the set of mon-Σ1

k
formulas.

Theorem 4.10 (Matz [24]). The MSO alternation hierarchy with first-
order closure is strict.

The proof shows, for example, that there is a prenex normal form of type
∀
∗∃

∗
∀
∗
∃
∗∀

∗
{∃, ∀}∗ that is not equivalent to a prenex normal form of type

{∃, ∀}∗∃
∗
∀

∗
∃

∗
{∃, ∀}∗. That means, to exceed some level of the MSO alter-

nation hierarchy with first-order closure, only two blocks of set quantifiers
are needed.

4.4 Labels and Complement

Let us review the mentioned results and see what they imply concerning
the question whether the levels of the MSO quantifier alternation hierarchy
are closed under complement. Theorem 4.5 considers the class of picture
languages over a singleton alphabet and shows that, for every k, there is a
picture language that belongs to level k+1, but not to level k of the MSO
alternation hierarchy. This implies

Corollary 4.11. For every k > 1 there exists a t > 0 such that there is a
picture language over alphabet Σ := {0, 1}t which belongs to mon-Σ1

k
but

not to mon-Π1
k
.

By standard encoding techniques it can be deduced that t = 1 suffices.
In other words, if the alphabet Σ is fixed and of size > 2, then all separation
results of Figure 4.4 hold. Even more, the above is true also for a singleton
alphabet, so Theorem 3.7 can be generalized to:

Theorem 4.12 (Matz [24]). For every k > 1 there is a picture language
over a singleton alphabet which belongs to mon-Σ1

k
but not to mon-Π1

k
.

A picture language which witnesses the difference between mon-Σ1
k

and
mon-Π1

k
is the set of all pictures of size m× n for which n is not a multiple

of f(m), where f is a specific (k+1)-fold exponential function.

Again, the witness sentence actually makes little use of set quantifiers.
For example, if k = 5, it is of the from

∃
∗
∀
∗
∃
∗
∀
∗∃

∗
{∃, ∀}∗.
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mon-Σ1
k

6= mon-Π1
k

BC(mon-Σ1
k
)

mon-∆1
k+1

mon-Σ1
k+1 6= mon-Π1

k+1

�� @@

��@@

Figure 1. The MSO quantifier alternation hierarchy
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