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Abstract. The paper gives a logical characterisation of the class
NTIME(n) of problems that can be solved on a nondeterministic Tur-
ing machine in linear time. It is shown that a set L of strings is in this
class if and only if there is a formula of the form 3f;- - 3fxIR1- - IRV
that is true exactly for all strings in L. In this formula the f; are unary
function symbols, the R; are unary relation symbols and ¢ is a quantifier-
free formula. Furthermore, the quantification of functions is restricted to
non-crossing, decreasing functions and in ¢ no equations in which differ-
ent functions occur are allowed. There are a number of variations of this
statement, e.g., it holds also for £ = 3. From these results we derive an
Ehrenfeucht game characterisation of NTIME(n).

1 Introduction

Since Fagin’s seminal result that NP is the class of problems that can be de-
scribed by an existential second-order (ESO) formula [6] there have been several
characterisations of subclasses of NP by sublogics of ESO [7} [14] 9]. Lynch showed
that all problems in NTIME(n), i.e., all problems that can be solved in linear
time on nondeterministic Turing machines, can also be expressed by a monadic
ESO formula in the presence of a built-in addition relation. Although NTIME(n)
is a relatively robust class, in order to capture the notion of linear time as used
in algorithm design, Turing machines seem far too restrictive: apparantly, simple
operations, such as traversing a tree, cannot be done. Therefore, a number of al-
ternative models have been proposed to capture this notion. Notably, in a series
of papers ([9, 8} [10]), Grandjean introduced and investigated linear—time classes
DLIN and NLIN, based on determistic and nondeterministic random access ma-
chines. NLIN contains NTIME(n) as a subclass but it is not known whether this
inclusion is strict. Grandjean proved that Lynch’s logic even captures (at least)
all the languages in NLIN, hence indicating that this logic probably does not
exactly characterize NTIME(n). He also showed that a set L is in NLIN if and
only if it is the set of models of formulas of the form 3f;- - IfxVz ¢, where ¢ is
quantifier—free and the second—order quantifiers 3f; range over unary functions.
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In the present paper, we give an ezact characterisation of NTIME(n). The
motivation behind exact logical characterisations of (presumably) weaker and
weaker complexity classes is the hope that they might enable lower bound proofs
by methods of Finite Model Theory like Ehrenfeucht games (cf. [9]). Such games
have been successfully used in non-expressibility results for similar logics (for a
survey see, e.g. [17]).

Our characterisation is obtained by restrictiing Grandjean’s 1ogicﬂ for NLIN.
The main difference concerns the function quantifiers. In our logic, quantification
of functions is restricted to non—crossing functions, i.e., functions on {1,..,n}
whose graph, when drawn in the upper half plane with vertices on the line,
has no crossing arcs. Such functions have, in different guises, been used before
to describe computations, e.g., they play an important part in the lower bound
proof of [T5], and in the separation of DTIME(n) from NTIME(n), proved in [T6].
In the form of matchings, they were used in a logical characterisation of context—
free languages in [13]. In fact, we make use of the close connection between
context—free languages and NTIME(n), which is expressed in the theorem of [3],
stating that a set is in NTIME(n) iff it is the projective image of the intersection
of three context—free languages. To be more precise, we show that a set of strings
can be recognised by a nondeterministic Turing machine in linear time iff it is the
set of models of a formula 3f;-- IfxIR;-- IR, Vxp, where ¢ is a quantifier—free
formula (with certain syntactical restrictions), the second-order quantifiers IR;
range over unary relations, and the function quantifiers 3 f; range over decreasing
non—crossing functions only. By restricting the number, k, of function variables,
we obtain a strict hierarchy of classes from k£ = 0 to k = 3: k = 0 characterises
the regular languages [4], & = 1 the context—free languages, and for k > 3,
we obtain NTIME(n). Using the lower bound from [15], it can be seen that the
class of languages defined by formulas with & = 2 function quantifiers lies strictly
between context—{ree languages and NTIME(n).

Our logic is fairly robust, allowing a number of variations. If we want to show
that some set is contained in NTIME(n), we can do this by using a rather liberal
syntax. On the other hand, in order to show that some set is not contained in
NTIME(n), the more constrained our formula class, the better. We present an
Ehrenfeucht game for NTIME(n), based on our most restrictive characterisation,
in which the players play only three rounds of rather restricted moves.

2 Preliminaries

2.1 Strings and Structures

Let X be an alphabet (i.e. a finite nonempty set). By € we denote the empty
string, X* is the class of all finite strings over X, and X := X*\ {¢}. By |w| we
denote the length of a string w € X*. The signature 75 associated to an alphabet
2’ consists of two constant symbols min and maz, unary function symbols s and

! Note however, that Grandjean’s encoding of strings as structures is different from
ours, which is the straightforward one.
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p, and a unary relation symbol W, for each letter ¢ € X. With each string w =
wy - -wy, € X7 we associate the Ts-structure w := ([n], 1, n, 5, p, Wy)oes),
where [n] is an abbreviation for {1,..,n}, s(i) := i+ 1 for i < n, s(n) :=n,
p(i):=i—1 fori > 1, p(1) :=1, and, forevery o € X, W, :={i € [n] /w; = o}.

2.2 Formulas

We consider structures with unary functions, unary relations and constants.
Consequently, terms are built from variables, constants, and function symbols,
and an atomic formula is either a term equality or a unary relation symbol
(also called a predicate) applied to a term. We will consistently use g, f, f; for
function symbols, R, @, R;, Q;, W, for unary relation symbols. Our logics will
be fragments of existential second—order logic, obtained by both syntactic and
semantic restrictions. If @ is a class of formulas, we write Vx @ for the class of all
those formulas of the form Vz ¢, where ¢ € @. Analogously we use notations like
3fi- fr ®, 3f D, IR,-- R,, . Thus, as an example, 1) € If; fof3 IR FO means
that 1 is of the form 3f13fo3f33R,- - AR, Vx o, for some m > 0, where ¢ is a
first-order formula. Our semantic restrictions concern the scope of the function
quantifiers 3f;. Let, for every n, F), be a class of functions on [n], F := Un>1 F,.
For a formula ¢ and a string w we write w = 3f;-- 3% o iff there are functions
f1% o [iY € Fly such that (w, f*,.., fi) | ¢. Accordingly, if ¢» = 3f1--3fx ¢
we write Mod” (1) for the F-model set of 1, i.e., the set {w /w =" 1}, and for
a class ¥ of formulas, MOD" (@) := {Mod" (v) /¢ € W}.

2.3 Non—crossing Functions

Let f : [n] — [n] be a non—increasing function, i.e., f(j) < j, for all j € [n].
We call f non-crossing, iff for all j,j’€[n] such that f(j) < j° < j, it holds
that f(j') > f(j). Let NNC denote the class of all non—increasing, non—crossing
functions, and DNC the class of all decreasing non—crossing functions (where
additionally to f € NNC we require that f(j) < j, for all j > 1). Instead
of f € NNC (f € DNC) we shall also say f is nnc (f is dnc). With regard
to expressive power, in our context, the difference between NNC and DNC is
immaterial, as the following lemma shows.

Lemma 1. Let Wy, := 3f;-- fr, IRV FO. Then MODNNC(W;,) = MODPNC (%),

For the inclusion “C” we represent a function f; € NNC by a function f/ € DNC
together with a set I; as follows:

- N - () i fi(4) #J
]i — Ji =17, and ! = fz <]) 1 ! . .
(J) < fi(j) =7 fi() {p(]) it £i(5) = j.
Lemma, [T allows us to use either class, depending on which suits our purposes
best. The more restrictive class DNC has some particularly useful properties.

Lemma 2. A function f:[n] — [n] is dnc iff f(1) = 1, and for every j > 1

there is a number ¢ > 0 such that f(j) = f9(j — 1). Figure [M (a) gives an
illustration.
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Fig. 1. An illustration of Lemma

3 The Main Result

Let @), be the class of quantifier—free formulas over the signature 75, which have
as free variables at most one FO variable z, at most k unary function symbols
fi,.., fx, and an arbitrary number of unary relation symbols, and in which no
term equation contains occurrences of more than one of the symbols fi,.., fx.
Let &, = Uk>0 Dy,

Theorem 1. NTIME(n) = MOD"NY(37 IRVz &.).

The proof is given in the next subsections. We first show in Subsection Bl that
every context—free language is the DNC-model set of a formula in 3f IR Vz &;.
Together with the fact that every language in NTIME(n) is the image under
a projection of the intersection of three context—free languages (c.f., [3]) this
proves the inclusion from left to right (even with three function variables), see
Proposition 2l For the other direction, in Subsection[3:2 (Proposition B), we first
transform every formula in 3f 3RVz &, into one whose atoms are all of a very
restricted form, without changing its DNC-model set. Finally, in Subsection [3.3]
(Proposition M), we construct, for every such formula, a nondeterministic, linear
time Turing machine which evaluates the formula on its input string.

3.1 Expressing Derivations

Concerning context—free grammars, we use the standard notation of [11]. Let
us briefly recall the notion of a derivation tree for a context—free grammar G =
(V,X2,P,S). Every 0 € X is a derivation tree for 0 =% 0. If ¢, € ZUV, A —
a1 ---ap is a production in P, and 7; is a derivation tree for oy =¢ u; € X,
then A(Th,..,T)) is a derivation tree for A =¢, uy - - - u,, where by A(Ty,..,T)
we denote the ordered tree whose root is labelled with A and has r subtrees
Ty,..,T,.

Proposition 1. If a language L C X+ is context—free, then L = ModDNC(dJ)
for a Ts—formula ¢ € f ARVx D4.

Proof. As the constructions of the proof of Lemma[1l do not essentially change
the structure of the FO formulas, it suffices to find a formula ¢ such that L =
MOdNNC<’l/J). Let L be generated by some grammar G = (V, X, P, S) in quadratic
double Greibach normal form, i.e., by a grammar whose productions are of the
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form A — a where o € YU XY UXVYUXVV Y (2], Theorem 3.3). We have
to find a formula 1/ such that for all w € X+ we have w =NNCq) iff S =5 w.

Let w € L be of length n, and let T" be a derivation tree for S =¢ w. As G is
in quadratic double Greibach normal form, the leftmost and the rightmost child
of each internal node of T are leaves, labelled with terminal symbols; and every
position in w corresponds to a leftmost or to a rightmost child of an internal
node of T'. We can thus represent 7" by an nnc-function f7 and sets QE_W for
each production A — « in P as follows: For all j € [n] we define

i if ¢ corresponds to the leftmost, 7 to the right-
() — most child of the same internal node of T,

j if no such i exists.

Q% _..(j) < j corresponds to the rightmost child of an internal node of
T which is associated to the production A — «, i.e., which
is labelled with A, has exactly |«| children, the ith of which
is labelled with the ith letter in a (for all 1 <@ < |a]).

As one can easily see, (w, f7,(Q%_,)a—a)ep) satisfies the formula

Ptree = YV Pdisjoint N Pstart N /\ QAHOA("B) - <pA‘>DL)7 where
(A—a)eP

Pdisjoint ‘= /\ _‘(Qq(x) A Qy (:c))

q'#qEP
Pstart = T=MATr — (f:r:mm AN v QSH&(:C))
(S—a)eP
PA—o = Wa(m) A fZC:a?
YA—or = Wo(fx) N Wr(z) N fa=px#x
pa—onr = Wo(fz) A Wr(z) A fr=pfpr#fpz A \| Qg (pz)
(B—B)eP
pa—ocBr i= Wo(fx) N Wr(z) A fo=pfpfpx#fpfpz N
( 'V @s-s2) A (\/ Qo—r(pfpx)).
(B—pB)eP (C—~)eP
We thus obtain w =¥NC 1), where ¢ := 3f(3Qq)gep Pirec- For the op-
posite direction let w be a string of length n, let f be an nnc-function on
n], and let (Qa—a)(a—a)ep be subsets of [n] such that .. is satisfied by
( )€
w, f,(Qa-a)a—a)ep)- We have to show that S =7, w, i.e., that w € L. For
( )€ G

all j € [n] such that Qa4 (j) for some (A — a) € P we define a tree T'(j) as
follows:

I Qaolj) then T(j) = Afo).

if Qasor(j) thenT(j):= A(o, 1),

if QAHO’BT(]’) then T(J) = A(Jv T(p(])), 7'),

if Qa—oopr(d) then T(j) := A(o, T'(pfp(7)), T(p(4)), 7).

By a straightforward induction on the depth of T'(j) one can easily show that
if Qa—a(j), then T'(j) is a derivation tree for A =§ Weg) Wi AS Qstart
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guarantees that f(n) = 1 and that Qg_.o(n) for some production S — « in P,
we conclude that T'(n) is a derivation tree for S =¢, w, and hence w € L. O

Let X and X be alphabets. A mapping h : Y — ¥ is called a projection. We
extend h to map strings in the canonical way: h(wi - --wy) := h(wy) - - h(wy,).
If L C X* then the set h(L) := {h(w)/w € L} is called the projection of L
under h3

Theorem 2 ([3], Theorem 4.1). A language L is in NTIME(n) if and only
if L is a projection of the intersection of three context—free languages.

Hence, from Proposition [I] we obtain the following:

Proposition 2. If a language L € X7F is in NTIME(n), then L = ModPNC(y)
for a Ts-formula ¥ € 3f1 fof3 ARVx P3.

Proof. From Theoremﬁl we obtain an alphabet Y, context—free languages
Li,Ly, Ly C XF, and a projection h : X — X such that L = h(L; N Ly N L3).
W.lo.g., XN XY = (). Proposition [ provides formulas 1; € 3f IR Vx $; over the

signature 75 such that L; = Mod”~C(q;) for i € {1,2,3}. We define a formula

Y o= (IWs)ses (Y1 A2 APs) A (Vo \/ (Ws(z) A Wiy (z) A /\_‘W&'(w)))7

Gex G'#G

which holds for a string w € X7 iff there exists a string @& € T of the same
length, such that @ satisfies 11, 12, and 13, and h(w) = w. Hence we obtain
ModPNC(y)) = h(LyNLyNLs) = L. Furthermore, ¢ can easily be transformed
into a formula in 3f; fo f3 IRV P3. O

3.2 Simplifying Formulas
In this subsection we will prove the following proposition.

Proposition 3. For every formula v € 3f1-- f JRYx ®, there is a formula
V' € 3f1-- fr IRVz By, such that Mod”NC (') = ModPNC(y), and the atoms of
Y’ are of the following forms:

— x=min, x=maz, fix=[fpx (wherei € [k] and ¢ >0),

- Qz), Q(sx), Q(pxr), Q(fix) (where i € [k] and Q is a unary relation sym-
bol).

Proof. (sketch) The proof proceeds in several steps:

1. We replace every equational atom tx=t'z by a new relational atom Q¢ 41 ()
(with the intended meaning that Q1 (j) < t(j) = t'(j)), and we replace
tu =y (for p € {min, maz} and an arbitrary term y) by the new relational
atom Q¢ (y) (with the intended meaning that Q. (j) < t(n) = j).

2 In the literature, projections are sometimes called length-preserving homomorphisms.
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2. We eliminate all predicates Qyy, where {t,t'} # {fi, fip} by replacing
them with adequate formulas. (In this step we make essential use of the
special properties of dnc-functions).

3. We take the conjunction of the resulting formula with formulas that define
the predicates Qyy,, £ip} and Q. After this step, all equations of the resulting
formula are of the desired form.

4. We replace every relational atom Q(tx) by a new relational atom Qy(z) (with
the intended meaning that Q:(j) < Q(t(j))) and take the conjunction of the
resulting formula with formulas that define the predicates Q.

5. A similar construction is performed to replace atoms of the form Q(tmin)
and Q(tmax).

More details can be found in the full version of the paper. O

3.3 Evaluating Formulas

We now conclude the proof of Theorem [ by showing how a nondeterministic
Turing machine can evaluate formulas of the form given in Proposition Bl

Proposition 4. Let v be of the form 3f1--3fx AR1-- AR YV o, where ¢ is a
quantifier—free formula in which all atoms are of one of the following forms:

— x=min, z=maz, fix=[fpr (wherei € [k] and ¢>0),
- Q(z), Q(sz), Qpx), Q(fix) (where i € [k] and Q is a unary relation
symbol).

Then there is a nondeterministic, linear time Turing machine which accepts
precisely those strings w for which w EPNCp.

Proof. The machine, M, will scan its input from left to right, guessing the values
of all the relations, and evaluating ¢ accordingly. Since writing down (and read-
ing) the values f;(j) would take too long (£2(Ign) steps per input position) M
represents these values indirectly, by the movements of pushdown heads. To this
end, we equip M with k pushdown tapes, one for each of the function variables
fi- When scanning the input at position j, pushdown tape ¢ will hold information
about f;(5), f2(§),- ., 1, in this order. More precisely, on input w, M proceeds in
n = |w| "metasteps”, where in the jth metastep it looks at the jth input sym-
bol w;. It maintains three variables, P~, P, P*, where P~ = ({r{,..,r,),07)
contains the information about the previous position, j—1. 7, is intended to be
the truth value of R;, o~ the input symbol, w;_1, at that position. P and P*
contain the same information about the current and the next position, respec-
tively. The details are given in the full paper. a

Remark 1. Tt should be noted that in the proof of Proposition Bl M scans its
input only once, from left to right, and uses as many pushdown tapes as ¢ has
function variables. In particular, for kK = 1, the formula can be evaluated by a
pushdown automaton, i.e, the language is context—free.
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4 Discussion and Further Results

A logical characterisation of a complexity class can expose what is typical for
that class. Our characterisation shows that, in some sense, non—crossing func-
tions capture the essence of linear time on nondeterministic Turing machines.
NTIME(n) allows some variation in the precise definition of Turing machines.
This is reflected in the logic: we can vary both our syntactical and semantical
restrictions quite considerably, without changing the class of model sets. Some
of these variations lead to interesting insights: we obtain a strict hierarchy of
classes within NTIME(n) and a characterisation of the class by an Ehrenfeucht
game, which looks considerably easier to play for the duplicator than the game
one obtains directly from Theorem [1l

4.1 Variations

The following proposition subsumes several possible variations of Theorem [
where by @}, we denote the class of all Boolean combinations of atoms of the
forms x=min, x=maz, fix=z, fiz=Ff!pz, Q(x), Q(g9x), for g € {s,p, f1,.-, [k}
and unary relation symbols Q).

Proposition 5. For F € {DNC, NNC} we have
NTIME(n) = MOD* (3f Va2 &.) = MOD" (3f IRVx &.) = MOD" (3f1 fofs IRVx &%) .

From the results of [13] one obtains a different logic for NTIME(n). There,
over the relational signature {<, W, / ¢ € X}, it was shown that} CFL =
MODMATCH(EM FO), where MATCH is essentially the class of all injective,
partial dnc-functions. Together with the theorem of Book and Greibach (Theo-
rem [)), it follows that a language L is in NTIME(n) iff L = Mod™ T (y) for
a formula ¢ := IM1IM23IM53R;- - IR (01 A2 A @s), where < and M; are the
only binary relation symbols occurring in the FO—formula @; (for ¢ € {1,2,3}).

4.2 Separations

As stated in Remark [l the number of function symbols corresponds to the
number of pushdown tapes needed for evaluating a formula (with respect to the
function class F' € {DNC, NNC}). As a consequence, we obtain a strict hierar-
chy of classes from k=0 to k=3 by restricting the number %k of function vari-
ables, as illustrated in the following picture. The class MODF 3f1f2 IRV bs)
is separated from CFL by the language {ww /w € {0,1}7}, and NTIME(n) is
separated from MODY (3f) fo IRV $3) by the result of [I5], which says that
the language SMT (sparse matriz transposition) cannot be accepted with two
pushdown tapes in time o(nlogn), but with three pushdown tapes it can (even
deterministically) be accepted in linear time.

3 By CFL we denote the class of all context—free languages.
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MOD¥ (3f IRV &..) = MOD¥ (3f, fof3 IRVz &3) = NTIME(n)
|
MODF (3f, f2 IRVz &)
|
MODF (3f3RVa#,) = CFL
|

MODY (3RVz &y) = REG

4.3 Games

Ehrenfeucht games have been proved a useful tool for showing inexpressibility
results in Finite Model Theory. For a general introduction to Ehrenfeucht games
we refer to the textbooks of Immerman [I2] and of Ebbinghaus and Flum [5].
Our game for NTIME(n) makes use of the idea of Ajtai and Fagin [1] that in
Ehrenfeucht games for existential second-order logic the duplicator can choose
the second structure after the spoiler has selected relations (or, in our case,
functions) for the first structure. From each of the possible logical characterisa-
tions of NTIME(n) one can derive a corresponding Ehrenfeucht game. We are
going to describe here one variant that looks particularly easy to play for the
duplicator. In particular, after choosing functions and colourings, both players
have to select only one position in each string. A closer inspection of the proof
of Proposition [ shows that in the characterisation of NTIME(n) we can re-
strict ourselves to special nnc—functions f which, apart from being nnc, have the
following properties:

— FUG)) = F0) for all j € [n],

— for every j there is at most one j' # j with f(j') = j, i.e., f is one—one, if
we ignore loops f(j) = j, and

— the width of each arc (f(j),7) is at most 2, where by width we denote the
number of arcs lying on the surface beneath that arc. To be precise, (f(j), )
has width 0 if f(j) = j or j—1, width 1 if f(j) = f(j—1)—1, and width 2 if
70) = F(FG-1D=1)-1.

The game for a set L of strings consists of the following three rounds:

1. The spoiler chooses a number m > 0. Afterwards, the duplicator chooses a
string w € L. In the following, let n denote the length of w.

2. The spoiler chooses special nnc—functions f1, fo, f3 on [n], and colours w
with m colours. Afterwards, the duplicator chooses a string w’ & L, special
nnc—functions f1, f5, f4 on [n’], and m colours on w'. (Here, n’ denotes the
length of w'.)

3. The spoiler chooses j’ € [n']. Afterwards, the duplicator chooses j € [n].

The duplicator wins the game iff the following conditions are satisfied:

—j=1iffj/=1,and j=niff j/ =n/,
— the colour of position j in w is the same as the colour of position j’ in w’.
The corresponding statements hold for the positions j—1 and j'—1, and for

fi(3) and fi(5") (for i € {1,2,3}).
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— The arc (f;(j),7) has the same width as the arc (f/(j’),7’), and it is a loop

iff (f/(4'),7') is a loop (for i € {1,2,3}).

Proposition 6. A set L of strings is in NTIME(n) iff the spoiler has a winning
strategy in the game for L.
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